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STEP Support Programme

Hints and Partial Solutions for Assignment 20
Warm-up

1 You need to be quite careful when writing out this sort of argument. Note that you cannot

find the limit of the numerator and denominator separately.

(i)  You know:

sin(x 4+ h) = sinz cos h + sin h cos x

and, since h is small we can use the small angle approximations for cosh and sin h:
. o 172
sin(z + h) & sinz x (1 — 3h%) + hcosz.
We can now say that, in the limit as h — O:

. 2 . .
sin(z + h) —sinz y st — - sina + hcosz — sinT

im = lim

h—0 h h—0 h

. h .
=lim [ cosx — —=sinx | =coszx.
h—0 2

You then need to do something very similar when differentiating cos x:

. cos(x+ h) —cosz . cosxcosh —sinxsinh — cosx
lim = lim

h—0 h h—0 h
h2 :
. M—?Cosl’—hslnx_ﬁm
= lim
h—0 h

. h . .
= llm —— COST —SInx = —SInx.
h—0 2

(ii) Here we can write:

In(zx+h) —Inz =In

(5
= (s

()
=)+ as long as
3\
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Since z # 0 (necessary for Inz to be defined) and h is small we can pick h so that
|2 < 1, but it is still necessary to state that the expansion is only true when |2| < 1,

Then we have:

8>

(&) + -

|
N[
—~
8|3
~—

Wl

lim

2
+
h—0 h

8|~

(iii) If we square the given approximation we get:
1+t~ 1+ 2kt + k2t
and since ¢2 can be ignored we get k = 1

5-

Writing V& + h as /o x /1 + % and using the approximation derived above gives the

derivative as:

h—0 h h—0 h
Lo h
zlimﬁ(1+2 z ! Whereﬁ<<1
h—0 h xT

1
Using the binomial expansion (1 + %) =1+ (%) X (g) + (%) X (%) X (—%) X (%)24—‘ o
is perhaps a little more satisfying as you then have a h term which can tend to zero,
but we tried to write this question so that people who have not met the binomial

expansion can still do it!

For z72 you can use 1+ t)_% ~ 1+ kt to give 1 ~ (1 + kt)?(1 +¢). This gives
1~ 1+t+ 2kt + at? + bt3 (where we are going to ignore the ¢? and ¢ terms) and so

k=1L

. . . . . . -1 1 1 1
Alternatively, using the binomial ex?ansmn gives (14+¢t)72 =1+ (—5) t+ (T) X (5) X
(—%) x t2+--- and hence (1+¢)72 ~ 1 — %t for small t. The argument is then:

1 1 - X ( - 1)
_— L T 1+h
lim Y2t 2 = lim =
h—0 h h—0 h
L(f_Llxh_y
= lim ‘/5( 2 ) where — < 1
h—0 x
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Preparation
2 (i) Letn =1then 4" +6n—1=4+6—1 =9 which is divisible by 9 and hence the

(ii)
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statement is true for n = 1.
Assume the statement is true for n = k, so that 4* + 6k — 1 = 9M for some integer M.

Now consider the case n = k + 1. We have:

4R L 6k+1)—1=4x4*+6k+6—1
=4 x (9M — 6k +1) +6k+6—1
= 36M — 18k + 9
=9(4M — 3k +1)

and since M and k are both integers, 4M — 3k + 1 is an integer and 4*1 +6(k+1) — 1
is divisible by 9. Hence if it is true for n = k then it is true for n = k + 1 and as it is
true for n = 1 it is therefore true for all integers n > 1.

Let n = 1. We have 13 = 1 and i x12x (1+1)2 = i x 1 x4 =1 and so the statement
is true when n = 1.
k
Assume the statement to be true when n = k so we have Z 3 = %k‘2(k: +1)2.
i=1
k+1
Now consider the case n = k+1. We want to show that Z B = L(k+1)*([k+1]+1)2

=1
We have:

E
¥
=

k
i34+ (k+1)3

i=1

K (k+1)%+ (k+1)°

(k+1)%[F* +4(k+1)]

(k+1)% [k* + 4k + 4]

(

k4 1)%(k+2)*  as required.

N
I

—

©

e N N e

Hence if it is true for n = k then it is true for n = k£ + 1 and as it is true for n = 1 it
is therefore true for all integers n > 1.




maths.org/step

The STEP question

To show that F5 = 1 etc. you should write something like:
F2:F1—|—F0:1—|-0:1.

You should also find that F5 =5, Fs = 8 and Fr = 13.
For Fy,.1F,_1 — F? it helps to be systematic

n Fn+an—1_Fr%

1 Ry — F? I1x0-12 =-1
2 F3Fy — F3 2x1-12 =1
3 FyF,—Ff 3x1-22 =-1
4 F5F3 — F? 5x2-32 =1

From this, we make the conjecture that F,,1F, 1 — F? = (—1)". We know that this is true
when n =1 (from the first line in the table), so now assume that it is true for n = k i.e. we
have Fj1Fx_1 — F2 = (=1)k.

Consider the case n = k 4+ 1. We want to show that FyioF — FZ, | = (—=1)k*1. There are
many ways you could approach it, one way is to start with the left hand side:

FyoFy — Fify = [Fep1 + Fi] Fie — Fig [Fr + Fi_1]
= FoBq1 + FE — ErerF — Fep1 i
= —1 X [Fep1Fpo1 — F7]
= —1x (=1)F = (=1)*"  as required.

Hence if it is true for n = k then it is true for n = £+ 1 and as it is true for n = 1 it is
therefore true for all integers n > 1.

Several of these steps make use of the definition of the Fibonacci numbers, F,, 1 = Fj,+F,—1.

For the last part the suggested method is to use induction on k. Throughout this part, think
of n as being a fixed (but unknown) integer. Starting with the case k = 1 we have:

Fopn=0RFEF 1+ FoF,=1%xF,1+0xF,
which is true. When k = 2! we have:
Fopo=KF 1+ FF,=1xF,11+1xF,

which is also true, from the definition of Fibonacci numbers.

!The reason for doing two base cases will be more obvious later. When doing this sort of question it will often

only be when you are completing the induction step that you realise that two base cases are necessary.
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Now assume that the statement is true for £ = m, for some integer m, and also for k = m—1.
We then have Fiipy = FpFhi1 + Fn—1Fy and also Frym—1 = Fo1Fpg1 + F—oFy 2,
We want to show that the k& = (m + 1)™ case is true, i.e. we are trying to prove that
Fn+(m+1) = F(m+1)Fn+1 + F(m+1)71Fn~

Froimi1 = Foim + Frnim—1 (using the Fibonacci number definition)
= (FnFos1 + Fn1Fp) + (F—1Fns1 + Fin—oFy) (using the inductive steps)
= Fpy1 (Fo + Fre1) + By (Fre1 + Fi—2) (rearranging)
=Fhi1Fpy1 + FoFy, (using the Fibonacci number definition)
= Fons1yFos1 + Fingy—1Fn (as required.)

Hence if it is true for K = m and £k = m — 1 then it is true for kK = m + 1 and as it is true for
k=1 and k = 2 it is therefore true for all integers k > 1.

4 Do have a bit of a play around with this first. Try some different functions and see what you
can discover.

Start by taking f(z) = 1. We then can use (iv) with f(z) = g(z) = 1. This gives:

Al x1)=1A1+1A1
Al =2A1
0=A1 ie Al=0.

Then we can use (iii) with f(x) = ¢ to get:

ANe = A(c X 1)
=cx Al
=cx0=0 as required.

For Az? use (iv) (with f(z) = g(x) = x) and (i) to get:

N a— A(m X x)
=zAx +xlx

=xr+x=2x.

For Ax? use (iv) (with f(z) = 2 and g(z) = 22) to get:

Az? = A(x x :n2)
= zA\x? + * Az

—rx2r+a22x1=322%.

At this point, it does appear that A differentiates the polynomial it is applied to. To prove
that this is true for all polynomials in x you need to take a bit of care with the argument.

2We needed two base cases as we want to assume the proposition is true for both k = m and k = m — 1.

Hints and Partial Solutions for A20 5



maths.org/step

Proposition:

Az =nz" L *)

We know that this is true for n = 0,1,2 and 3 from the previous work. Assume it is true
for n = k (i.e. we assume Az* = kz*~1) and then consider the case n = k 4+ 1. We want to

show that AzF*+! = (k + 1)a*.

AgFtl = A(az X xk)
= oAz + 2FAx
= x k" 1 +2F x1

= ka® + 2% = (k+1)2"  as required.

Hence if it is true for n = k then it is true for n = k + 1 and as it is true for n = 0 it is
therefore true for all integers n > 0.

Now consider a general polynomial, h(x) = anz™ + 12" 1+ - agx® + a1z + ag.

Ah(z)) = Alans™ + an—12" 7 + - ag2® + a1z + ag)
= A(anaz”) + A(an,lwn_l) 4t A(GQI‘Q) + A(alaj) + A(ag) using (ii)

= anA($”) + an_lA(x"_l) 4+ agﬁ(f) + alA(ﬂs) +0 using (iii)
=a, xnz" P fa, 1 x (n—1D)z" 4 Fag x 2+ a using (x)
d
=na,z" L+ (n— Dap_ 12" 2+ + 200z + a1 = dfh(a:) as required.
x
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Warm down
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The following diagram is the same as in the question, with one dotted line added and some

extra points labelled.

(ii)

(iii)

Using two similar triangles (AAXC and AM DC — similar as the three angles are
the same) we can show that M D = $h (since M is the midpoint of AC' the lengths of

AAXC are double those in AMDC).
Using sin 0 = 2225y AN DB gives /MBD = /M BC = 30°.

hypotenuse

We have ZCAB = ZMBC = 30° and LZACB = ZMCB as this is a shared angle.
Hence the third angles in AACB and AMCB are the same and we have ZABC =

ZBMC.

Let ZABC = 6. We then have (using the similar triangles of (ii) above) ZBMC =0,

and ZAM B = 180° — 0. The sine rule in AAM B give us:

AB _h
sin(180° — 6)  sin 30°

which simplifies to AB = 2hsin 6.

Using AAX B gives ABsinf = h. Equating the two expressions for AB gives us:

2hsinf = L
sin 6
and so sin? § = % and so 6 = 45° (as we must have 0 < 6 < 90°).

maths.org/step



