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Prove that
cos 3x = 4 cos3 x− 3 cosx .

Find and prove a similar result for sin 3x in terms of sinx.

(i) Let

I(α) =

∫

α

0

(

7 sinx− 8 sin3 x
)

dx .

Show that
I(α) = −8

3
c3 + c+ 5

3
,

where c = cosα. Write down one value of c for which I(α) = 0.

(ii) Eustace believes that
∫

sinn x dx =
sinn+1 x

n+ 1

for n = 1, 2, 3, . . . . Show that Eustace would obtain the correct value of I(β) , where
cosβ = −1

6
.

Find all values of α for which he would obtain the correct value of I(α).
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Prove that
tan

(

1

4
π − 1

2
x
)

≡ secx− tanx . (∗)

(i) Use (∗) to find the value of tan 1

8
π . Hence show that

tan 11

24
π =

√
3 +

√
2− 1√

3−
√
6 + 1

.

(ii) Show that √
3 +

√
2− 1√

3−
√
6 + 1

= 2 +
√
2 +

√
3 +

√
6 .

(iii) Use (∗) to show that

tan 1

48
π =

√

16 + 10
√
2 + 8

√
3 + 6

√
6 − 2−

√
2−

√
3−

√
6 .
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By writing x = a tan θ, show that, for a 6= 0,

∫

1

a2 + x2
dx =

1

a
arctan

x

a
+ constant .

(i) Let I =

∫ 1

2
π

0

cosx

1 + sin2 x
dx .

(a) Evaluate I.

(b) Use the substitution t = tan 1

2
x to show that

∫

1

0

1− t2

1 + 6t2 + t4
dt = 1

2
I .

(ii) Evaluate

∫

1

0

1− t2

1 + 14t2 + t4
dt .
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(i) Find all the values of θ, in the range 0◦ < θ < 180◦, for which cos θ = sin 4θ. Hence
show that

sin 18◦ =
1

4

(√
5− 1

)

.

(ii) Given that
4 sin2 x+ 1 = 4 sin2 2x ,

find all possible values of sinx , giving your answers in the form p+ q
√
5 where p and

q are rational numbers.

(iii) Hence find two values of α with 0◦ < α < 90◦ for which

sin2 3α+ sin2 5α = sin2 6α .
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