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Write your name, centre number and candidate number in the spaces on the answer
booklet.

Begin each answer on a new page.

Write the numbers of the questions you answer in the order attempted on the front of the
answer booklet.

INFORMATION FOR CANDIDATES

Each question is marked out of 20. There is no restriction of choice.
All questions attempted will be marked.
Your final mark will be based on the six questions for which you gain the highest marks.

You are advised to concentrate on no more than six questions. Little credit will be given
for fragmentary answers.

You are provided with a Mathematical Formulae Booklet.

Calculators are not permitted.

Please wait to be told you may begin before turning this page.

This question paper consists of 8 printed pages and 4 blank pages.
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Section A: Pure Mathematics

1 The curve C; has parametric equations = = t2, y = t3, where —oo < t < co. Let O denote
the point (0,0). The points P and @ on Cj are such that ZPOQ is a right angle. Show that
the tangents to C; at P and @ intersect on the curve Cy with equation 4y? = 3z — 1.

Determine whether C7 and C meet, and sketch the two curves on the same axes.

2 Use the factor theorem to show that a + b — ¢ is a factor of
(a+b+e)®—6(a+b+c)a®+b>+c%) +8(a®+b°+3). (%)
Hence factorise (x) completely.

(i)  Use the result above to solve the equation

(z4+1)% = 3(z + 1)(22* + 5) + 2(42® +13) = 0.

(ii) By setting d + e = ¢, or otherwise, show that (a +b — d — e) is a factor of
(a+b+d+e)®—6(a+b+d+e)(a® +b%+d*+e*)+8(a® +b* +d° + )
and factorise this expression completely.

Hence solve the equation

(x4 6)> — 6(x 4 6)(z* + 14) + 8(x> + 36) = 0.
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For each non-negative integer n, the polynomial f,, is defined by

2 1‘3 "

fa(e) =1+a+ 5+ 50+ F

(i) Show that f/ (z) = f,—1(z) (for n >1).

(ii) Show that, if a is a real root of the equation

then a < 0.

(iii) Let a and b be distinct real roots of (x), for n > 2. Show that f/ (a)f/,(b) > 0 and use
a sketch to deduce that f,,(¢) = 0 for some number ¢ between a and b.

Deduce that (* ) has at most one real root. How many real roots does (x) have if n is
odd? How many real roots does (x) have if n is even?

Let

B 224+ rsinf + 1
y_xQ—i-:EcosQ—i—l'

(i) Given that z is real, show that
(ycosf —sin)? > 4(y — 1),

Deduce that

and hence that

4 7
(ii) In the case y = +3\[ , show that

ViZ+1=2(y—1)

and find the corresponding values of x and tan 6.
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In this question, the definition of <p) is taken to be
q

p! )
— ifp>q¢=>0,
<p> —Jd—10q)

0 otherwise .

(i)  Write down the coefficient of 2™ in the binomial expansion for (1 — x)~", where N is
a positive integer, and write down the expansion using the > summation notation.

By considering (1 —z)~!(1 — 2)~", where N is a positive integer, show that
Z":<N+j—1> B <N—|—n>
j=0 J "
(ii) Show that, for any positive integers m, n and r with » < m + n,
(") =5(0)
r = \i/\r—ij
(iii) Show that, for any positive integers m and N,

Bl )-C)

J=0
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This question concerns solutions of the differential equation

(1—2?%) <ji>2 + k2y? = kP (%)

where k is a positive integer.

For each value of k, let yi(z) be the solution of (x) that satisfies y;(1) = 1; you may assume
that there is only one such solution for each value of k.

(i)  Write down the differential equation satisfied by y;(z) and verify that y;(z) = =.

(ii) Write down the differential equation satisfied by y2(z) and verify that ys(z) = 222 —1.

(iii) Let z(z) = 2(yn(z))* — 1. Show that

9y (dz ? 2 2 2
(1—2%) 1 +4n"z* =4n
T

and hence obtain an expression for ys,(z) in terms of y, (z).

(iv) Let v(z) = yn(ym(x)) . Show that v(z) = Yy ().

Show that

/0 " ) da = /0 "t — ), (%)

where f is any function for which the integrals exist.

1 .
2™ sinx
- . dx
0 COsSx+sinx

(i) Use (x) to evaluate

(ii) Evaluate
1. .
1 sinx
—dx.
0 COSx +sinx

(iii) Evaluate

Lo
/4 In(1 + tanzx) dz .
0

(iv) Evaluate

=

x
/ - dz .
o cosx(cosx + sinx)
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Evaluate the integral

— dx m > i
- (m > 1)
Show by means of a sketch that
n 1
1 "t
r m—1 T

where m and n are positive integers with m < n.

oo
1
(i)  You are given that the infinite series Z -3 converges to a value denoted by E. Use (x)
r=1

to obtain the following approximations for £:

5

- FEF= § .
3 20

7‘+% 1

1
(ii) Show that, when r is large, the error in approximating — by / — dx is approxi-
r x

1
=3

1
mately i
T

1
Given that E ~ 1.645, show that E — ~ 1.08.
r

r=1
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Section B: Mechanics

10

11

A small bullet of mass m is fired into a block of wood of mass M which is at rest. The
speed of the bullet on entering the block is u. Its trajectory within the block is a horizontal
straight line and the resistance to the bullet’s motion is R, which is constant.

(i) The block is fixed. The bullet travels a distance a inside the block before coming to
rest. Find an expression for a in terms of m, v and R.

(ii) Instead, the block is free to move on a smooth horizontal table. The bullet travels a
distance b inside the block before coming to rest relative to the block, at which time
the block has moved a distance ¢ on the table. Find expressions for b and ¢ in terms
of M, m and a.

A thin uniform wire is bent into the shape of an isosceles triangle ABC', where AB and AC
are of equal length and the angle at A is 20. The triangle ABC hangs on a small rough
horizontal peg with the side BC' resting on the peg. The coefficient of friction between the
wire and the peg is p. The plane containing ABC' is vertical. Show that the triangle can
rest in equilibrium with the peg in contact with any point on BC' provided

= 2tanf(1 +sind) .

(i) Two particles move on a smooth horizontal surface. The positions, in Cartesian coor-
dinates, of the particles at time ¢ are (a + ut cos a, ut sin ) and (vt cos 3, b+vtsin f),
where a, b, v and v are positive constants, « and g are constant acute angles, and
t > 0.

Given that the two particles collide, show that

usin(f + o) = vsin(0 + 3),

b
where 6 is the acute angle satisfying tanf = —.
a

(i) A gun is placed on the top of a vertical tower of height b which stands on horizontal
ground. The gun fires a bullet with speed v and (acute) angle of elevation . Simul-
taneously, a target is projected from a point on the ground a horizontal distance a
from the foot of the tower. The target is projected with speed u and (acute) angle of
elevation «, in a direction directly away from the tower.

Given that the target is hit before it reaches the ground, show that

2usina(usina — vsin ) > by .

Explain, with reference to part (i), why the target can only be hit if o > f.
7
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Section C: Probability and Statistics

12

13

Starting with the result P(AU B) = P(A) + P(B) — P(AN B), prove that
P(AUBUC) = P(A) + P(B) + P(C) — P(ANB) —P(BNC) —P(CNA) + P(ANBNC).

Write down, without proof, the corresponding result for four events A, B, C and D.

A pack of n cards, numbered 1, 2, ..., n, is shuffled and laid out in a row. The result of
the shuffle is that each card is equally likely to be in any position in the row. Let E; be the
event that the card bearing the number ¢ is in the ith position in the row. Write down the
following probabilities:

(i) P(EY);
(ii) P(E;NEj), where i # j;

(iii) P(E;N E;jNEy), where i # j, j # k and k # 1.

Hence show that the probability that at least one card is in the same position as the number

it bears is 1 1 1
. _1\yn+l =
Lot =+ D0

Find the probability that exactly one card is in the same position as the number it bears.

(i) The random variable X has a binomial distribution with parameters n and p, where
n =16 and p = % Show, using an approximation in terms of the standard normal
density function —— e 37 , that

Ver

(ii) By considering a binomial distribution with parameters 2n and 3, show that

22n(n!)2
vnm

(2n)! ~

(iii) By considering a Poisson distribution with parameter n, show that

nl~V2mne "n".
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